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Abstract Solving linear systems is often required in chemical problems. Besides,
birth and death processes occur in many chemical phenomena and the matrices asso-
ciated to these processes are totally positive, that is, all their minors are nonnegative.
Neville elimination is an elimination procedure very useful when dealing with these
matrices. Convergence and stability of iterative refinement using Neville elimination
are analyzed, in particular when the coefficient matrix is totally positive. Other appli-
cations to chemistry are commented and numerical experiments are shown.

Keywords Iterative refinement · Neville elimination · Convergence · Stability ·
Total positivity

1 Introduction

Solution of the matrix equation and calculation of the matrix inverse of a square matrix
are recurrent tasks handled by molecular modeling software (see [6]). The calculation
of the inverse of positive matrices is a common task in Computational Chemistry.
Thus, in Quantum Chemistry, inversion of the overlap matrix between basis functions
is required to obtain the electronic energy and to perform charge density analyses. Sim-
ilarly, inversion of the hessian matrix, which stores the second derivatives of molecular
energy with respect to nuclear coordinates, is frequently demanded by optimization
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techniques and normal mode analyses. Hence, the availability of more efficient direct
methods for solving matrix equations could be of particular interest.

Birth and death processes occur in many chemical phenomena, such as in aerosol
chemistry (see [20]), in applications of industrial chemistry (see [27]), or in stochas-
tic models of chemical reactions (see [21]). A birth and death process is a stationary
Markov process whose state space is the nonnegative integers and whose transition
probability matrix (Pi j (t))i, j=0,1,2,···, t ≥ 0, with

Pi j (t) = Pr{x(t) = j | x(0) = i}

satisfies the conditions (as t → 0) Pi,i+1(t) = λi t + o(t), Pi,i−1(t) = μi t + o(t) and
Pi,i (t) = 1 − (λi + μi )t + o(t), where λi > 0 for all i ≥ 0, μi > 0 for all i ≥ 1 and
μ0 ≥ 0. By the results of [17] (see also [18]), the matrices associated to these processes
are totally positive (TP), that is, all their minors are nonnegative. Moreover they are
strictly totally positive (i.e., all their minors are positive) for all t > 0. In fact, in [18] it
was proved that, for all i1 < i2 < · · · < in and j1 < j2 < · · · < jn , the determinants

det

⎛
⎜⎝

Pi1, j1(t) · · · Pi1, jn (t)
...

...

Pin , j1(t) · · · Pin , jn (t)

⎞
⎟⎠ (1)

have the following interpretation. Suppose that n labelled particles start out in states
i1, . . . , in and execute the process simultaneously and independently. Then the deter-
minant (1) is equal to the probability that at time t the particles will be found in states
j1, . . . , jn , respectively, without any two of them ever having been coincident (in the
same state) in the intervening time. See also the related papers [16,19].

On the other hand, knowledge of the behaviour exhibited by matter under extreme
conditions of pressure and temperature is of capital interest in areas such as materials
science, geophysics or solid state chemistry [23]. We show at the end of the paper that
NE is adequate for solving linear systems arising in these fields.

Neville elimination (NE) is an alternative procedure to Gaussian elimination (GE)
to transform a square matrix A into an upper triangular matrix U . Roughly speaking,
NE makes zeros in a column of the matrix A by adding to each row a multiple of
the previous one. It has been proved that this elimination process is very useful with
totally positive matrices (see [7,10,12,14,26]).

Iterative refinement (IR) improves the accuracy of the computed solution of a linear
system Ax = b. IR using GE has been deeply studied from several points of view:
convergence (see [9,25,31]), stability (see [15,28]) and error analysis (see [22,31]).
In contrast, IR using NE only has been considered very recently in [2], where only
the convergence has been analyzed. In this paper, we analyze the stability of IR when
using NE and we also improve the convergence conditions of [2].

In Sect. 2 we recall basic notations related to NE and IR. In Sect. 3 we apply
factorization and backward error results on NE to the convergence of IR with NE,
simplifying and improving the conditions obtained in [2]. Section 4 is devoted to the
analysis of the stability of IR with NE. In Sect. 5 we show that the results of previous
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sections can be improved when the coefficient matrix is totally positive. Finally, in
Sect. 6 an application of NE to a chemical problem is illustrated.

2 Neville elimination and iterative refinement

In this section, we will describe basic notations related to NE and IR.

2.1 Neville elimination

For a nonsingular matrix A of order n the Neville elimination procedure consists of
n − 1 successive steps, resulting in a sequence of matrices as follows:

A = A(1) → Ã(1) → A(2) → Ã(2) → · · · → A(n) = Ã(n) = U,

where U is an upper triangular matrix. For each t , 1 ≤ t ≤ n, the matrices A(t) =
(a(t)

i j )1≤i, j≤n and Ã(t) = (ã(t)
i j )1≤i, j≤n have zeros below their main diagonal in the

first t − 1 columns and also one has

ã(t)
i t = 0, i ≥ t ⇒ ã(t)

ht = 0 ∀h ≥ i. (2)

Ã(t) is obtained from the matrix A(t) by moving to the bottom the rows with a zero
entry in the column t , if necessary, in order to get (2). The rows which are moved are
placed in the same relative order they have in A(t). To get A(t+1) from Ã(t) we produce
zeros in the column t below the main diagonal by subtracting a multiple of the i th row
to the (i + 1)th for i = n − 1, n − 2, . . . , t , according to the following formula. For
any column j

a(t+1)
i j =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ã(t)
i j if 1 ≤ i ≤ t

ã(t)
i j − ã(t)

i t

ã(t)
i−1,t

ã(t)
i−1, j if t + 1 ≤ i ≤ n and ã(t)

i−1,t �= 0

ã(t)
i j if t + 1 ≤ i ≤ n and ã(t)

i−1,t = 0.

Observe that in the third case ã(t)
i−1,t = 0 implies ã(t)

i t = 0 by (2). In this process one has

A(n) = Ã(n) = U , and when no row exchanges are needed, then A(t) = Ã(t) for all t .
The number

mi j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ã( j)
i j

ã( j)
i−1, j

if ã( j)
i−1, j �= 0

0 if ã( j)
i−1, j = 0

is called the (i, j) multiplier.
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Matrices satisfying that NE can be performed without changes of rows will be
referred to as matrices satisfying the WR condition. Alternatively, for each step t of
the NE of A, we can reorder the rows t, . . . , n of the matrix A(t) according to a row
pivoting strategy in order to get Ã(t) satisfying (2).

2.2 Iterative refinement

In this subsection, we recall the IR technique and apply it to NE. Let us assume that
the system Ax = b has been solved using NE with floating point arithmetic, obtaining
an approximate solution x̂ = x (0). If the matrix A is ill conditioned, the computed
solution x (0) might not be accurate enough. When x (0) has been computed, we will
obtain the corresponding residual, which is defined as

r (0) = A(x − x (0)) = Ax − Ax (0) = b − Ax (0).

It is convenient to compute this vector in extra precision in order to improve the accu-
racy of x (0). Observe that Skeel proves in his works (see [28,29]) that in the Gaussian
case it is not always necessary to compute the residual in extra precision to obtain a
stable procedure, because stability might be achieved in working precision.

Next we will solve the linear system Ae = r (0) and for this purpose we will use
the matrices L̂ and Û obtained in the NE process (see (16) in Theorem 1). Then the
system to be solved will be L̂Ûe = r (0) that is equivalent to (A + E)e = r (0). The
solution obtained will not be exactly e, but an approximation, which will be denoted
by e(0), and then x (1) = x (0) + e(0) will be a new approximation to the exact solution.

This procedure is commonly known IR and it was first presented by Wilkinson in
[30,31]. In other works, for example in, [9,15,22,25,29], several features of IR have
been studied.

In a general way, we will define the vectors r (k) and x (k+1) through the following
equations

r (k) = b − Ax (k), x (k+1) = x (k) + e(k), (3)

where e(k) is the approximate solution obtained when solving the system
(

L̂Û
)

e =
r (k), namely e(k) = (L̂Û )−1r (k).

Bringing the expression of e(k) to (3) we have that

x (k+1) = x (k) +
(

L̂Û
)−1

r (k).

If the vector sequence {x (k)} can be formed without additional roundoff errors, we
deduce that

x (k+1) = x (k) +
(

L̂Û
)−1 (

b − Ax (k)
)

= x (k) +
(

L̂Û
)−1

A
(

x − x (k)
)

,

and so
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x (k+1) − x =
(

I −
(

L̂Û
)−1

A

) (
x (k) − x

)
,

and iterating the process

x (k+1) − x =
(

I −
(

L̂Û
)−1

A

)k (
x (1) − x

)
. (4)

In the same way, we have that

r (k+1) = b − Ax (k+1) = Ax − Ax (k+1) = A
(

x − x (k+1)
)

and by (4)

r (k+1) = A

(
I −

(
L̂Û

)−1
A

)k (
x − x (1)

)
.

Considering (4) we can state that

‖x (k+1) − x‖ ≤ ‖I −
(

L̂Û
)−1

A‖k‖x (1) − x‖,

so for x (k+1) to converge towards x , or in other words, for

lim
k−→∞ ‖x (k+1) − x‖ = 0

it is enough that the following inequality holds:

‖I −
(

L̂Û
)−1

A‖ < 1. (5)

Let us see how we can interpret the condition (5) and with this purpose let us assume
that L̂Û = A + E . Hence

I −
(

L̂Û
)−1

A = I − (A + E)−1 A. (6)

On the other hand, it is clear that

I − (A + E)−1 A = I − (I + A−1 E)−1. (7)

Finally, it is well known that, if ‖A−1 E‖ < 1, then (I + A−1 E) is nonsingular and
it holds

‖I − (I + A−1 E)−1‖ ≤ ‖A−1‖‖E‖
1 − ‖A−1‖‖E‖ . (8)
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Using (5) and (8) we will obtain in the following sections sufficient conditions for
the convergence of IR with NE.

3 Matrix factorization and iterative refinement with Neville elimination

Let us present some results concerned with matrix factorizations associated to NE. As
in [12] we denote by Ei (α) the bidiagonal lower triangular matrix whose (r, s) entry
(1 ≤ r, s ≤ n) is given by 1 if r = s, α if (r, s) = (i, i − 1) and 0 elsewhere, therefore

Ei (α) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

1
α 1

. . .

1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

In Theorem 2.5 of [12] it is proved that a nonsingular n × n matrix A satisfies the
WR condition if and only if it can be factorized in the form

A = [En(mn1) . . . E2(m21)][En(mn2) . . . E3(m32)] . . . . . . En(mn,n−1)U (9)

with the mi j ’s satisfying

mi j = 0 
⇒ mhj = 0, ∀h > i; 1 ≤ j ≤ n − 1, i ≥ j + 1. (10)

If A satisfies this condition the factorization is unique and mi j is the (i, j) multiplier
of the NE of A. Observe that (9) is, obviously, the same factorization LU in GE, with
the matrix L decomposed in a different way, as a product of elementary bidiagonal
matrices.

The factorization (9) can be reordered in several different forms. In particular, we
easily get

A = En(mn1)[En−1(mn−1,1)En(mn2)] . . . [E2(m21)E3(m32) . . . En(mn,n−1)]U

that can also be written in the form

[En(−mn,n−1) . . . E2(−m21)] . . . [En(−mn2)En−1(−mn−1,1)]En(−mn1)A = U.

(11)

This means that NE of A can be done by subdiagonals, that is, making zero first
the (n, 1) entry, then the (n − 1, 1) and the (n, 2) ones, and so on, finishing making
zeros the (2, 1), (3, 2), . . . , (n, n − 1) entries.
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We shall denote Fi = En−(i−1)(mn−(i−1),1)En−(i−2)(mn−(i−2),2) · · · En(mni ),
that is,

Fi =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0 1

. . .
. . .

0 1
mn−(i−1),1 1

mn−(i−2),2 1
. . .

. . .

mni 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(12)

and so the NE process of a matrix A satisfying the WR condition, performed as in
(11), can be described in following form

A[1] := A

Ft−1 A[t] := A[t−1], 2 ≤ t ≤ n − 1.
(13)

Here

A[t] =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a[t]
11 a[t]

12 · · · · · · · · · · · · a[t]
1n

...
...

...

a[t]
n−(t−1),1 a[t]

n−(t−1),2 a[t]
n−(t−1),n

0 a[t]
n−(t−2),2 a[t]

n−(t−2),n

0 0
. . .

...
...

. . .
. . .

...

0 · · · 0 a[t]
nt · · · a[t]

nn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(14)

with

a[t]
i j := a[t−1]

i j 1 ≤ j ≤ n, 1 ≤ i ≤ n − t − 1

a[t]
i j := a[t−1]

i j − mi,i−n+t a
[t−1]
i−1, j n − t + 2 ≤ i ≤ n, i − n + t ≤ j ≤ n.

(15)

Remember that this elimination process is just a reordering of the one explained
in Sect. 2, with the same multipliers. More precisely, for each t the nth row of A[t] is
the same as that of A(t), the (n − 1)th row of A[t] is the same as the (n − 1)th row of
A(t−1), and so on until the (n − t + 1)th row of A[t], which is the (n − t + 1)th row
of A(1). All the other precedent rows 1, 2, . . . , n − t of A[t] are also the same rows as
the correspondent ones of A(1). Obviously one has A[n] = A(n) = U .

Finite precision arithmetic produces a sequence of matrices Â(t) in the NE of A
by columns which is different from the sequence A(t) obtained by exact arithmetic,
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as studied in [11]. If the NE of A is performed by subdiagonals we get the sequence
Â[t] whose relationship with the sequence Â(t) is the same as that of A[t] and A(t)

explained before.
Remark that we are interested on matrices A satisfying the WR condition for suf-

ficiently high precision, that is, for a unit roundoff u sufficiently small, the NE of A
can be computed without row exchanges. For brevity, this condition will be referred
to as WR+ condition. We always assume that we are working under this condition. In
Sect. 5 we show a class of matrices satisfying this condition.

In [1], Alonso et al. derived the backward error analysis of NE, according to the
next result:

Theorem 1 Let A be a nonsingular n × n matrix and assume that NE of A has
been computed under the WR+ condition, with unit roundoff u. Then the matrices
L̂ := F̂1 F̂2 . . . F̂n−1, Û := Â[n] verify

L̂Û = A + E (16)

with

|E | ≤ u
n−1∑
j=1

|F̂1||F̂2| . . . |F̂j || Â[ j+1]|. (17)

If L̂, Û are used to compute the solution x̂ of the system Ax = b by forward and
backward substitution one has

(A + H)x̂ = b (18)

with

|H | ≤ u
n−1∑
j=1

|F̂1||F̂2| . . . |F̂j || Â[ j+1]| + γn|L̂||Û | (19)

where γn := (nu)/(1 − nu).

We point out that the general condition about the convergence of IR with NE
proved in [2] involves the perturbation matrix H . In this paper, we give a convergence
condition involving the matrix E , instead of H .

Theorem 2 Let A be a nonsingular n×n matrix and assume that L̂ := F̂1 F̂2 · · · F̂n−1
and Û := Â[n] have been computed by NE of A under the WR+ condition, with unit
roundoff u. If L̂ and Û are used to compute the solution x̂ of the system Ax = b, then
one has that if

‖A−1‖‖E‖ <
1

2
(20)

then the IR converges to x = A−1b.
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Proof As we have pointed out, the procedure converges whenever (5) holds. By (7)
and (8)

‖I − (A + E)−1 A‖ ≤ ‖A−1‖‖E‖
1 − ‖A−1‖‖E‖ ,

so the condition ‖I −
(

L̂Û
)−1

A‖ < 1 holds, by (6), if

‖A−1‖‖E‖ <
1

2
.

The previous result will be used in Sect. 5 to improve and refine the convergence
condition given in [2] in the case that A is a totally positive matrix.

In the general case and taking into account (17), the sufficient condition for con-
vergence shown in the previous Theorem can be stated as follows.

Corollary 1 Let A be a nonsingular n × n matrix and assume that L̂ and Û have
been computed by NE of A under the WR+ condition, with unit roundoff u. If L̂ and
Û are used to compute the solution x̂ of the system Ax = b, then one has that if

⎛
⎝u

n−1∑
j=1

‖F̂1‖‖F̂2‖ . . . ‖F̂j‖‖ Â[ j+1]‖
⎞
⎠ ‖A−1‖ <

1

2
(21)

then the IR converges to x = A−1b.

We want to stress the fact that the condition (21) is a refinement of the result obtained
in Theorem 3.4 of [2] since on the left hand side of (21) the term γn‖L̂‖‖Û‖‖A−1‖
does not appear.

4 Stability of the iterative refinement with Neville elimination

In this section, we study the stability of the IR when applied to the NE procedure.
First, let us define backward error.

Definition 1 Given a linear system of equations Ax = b, the componentwise back-
ward error of an approximate solution x̂ is defined as

ωE, f (x̂) = min{ε : (A + δA)x̂ = b + δb, |δA| ≤ εE, |δb| ≤ ε f }

where the matrix E and the vector f have nonnegative entries.

We will adopt the usual choice for the tolerances E and f : E = |A|, f = |b|. With
this choice, a small backward error ω|A|,|b| means that the approximate solution x̂ is
the solution of a slightly perturbed system, in the sense of componentwise relative
perturbation.
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The componentwise backward error can be computed with a simple formula
(see [24] and §7.2 in [15]) as given in the next result.

Theorem 3 The componentwise backward error is given by

ω|A|,|b|(x̂) = max
i

|ri |
(|A||x̂ | + |b|)i

where r = b − Ax̂. The quotient α/0 is interpreted as zero if α = 0 and infinity
otherwise.

An algorithm to solve a linear system of equations is said to be componentwise
backward stable if the componentwise backward error is of order the unit roundoff
provided that this is less than a certain threshold, that is to say

ω|A|,|b|(x̂) = O(u) for u ≤ ū(n).

Nevertheless, for practical purposes, the threshold is also allowed to depend upon the
data A and b, so that ū = ū(n, A, b). Then, componentwise backward stability means
that the approximate solution x̂ is the exact solution of a perturbed system where the
perturbations are small componentwise.

In [29], Skeel studies the stability of single precision IR applied to GE. He proved
that if x (m), m = 0, 1, . . . , is the sequence of vectors obtained through IR, then

ω|A|,|b|
(

x (1)
)

≤ (n + 1)u + O(u2) (22)

as long as

cu cond(A−1)σ (A, x) ≤ 1/2. (23)

The quantity c is a constant bounded above by functions depending only on n, and

cond(A−1) = ‖|A||A−1|‖, σ (A, x) := max
e‖|A||x |‖

|A||x | , e = (1, 1, . . . , 1)t .

Therefore, one step of single precision IR makes GE stable. This result was very
important because it shattered the idea that it was necessary to compute the residual
in extra precision in order that the IR can be beneficial.

Remark 1 The inequality (23) determines the stability threshold, or in other words
the conditions (with respect to the accuracy and the data A, b) under which the algo-
rithm is backward stable. It holds as long as the unit roundoff is small enough or,
equivalently, as long as the accuracy is high enough. It is important to notice that this
inequality is very difficult to check in practice since the quantities involved are rather
complex expressions. The quantity σ(A, x) is large for ill scaled systems and so is
cond(A−1) for ill conditioned systems. Hence, for ill scaled or ill conditioned systems,
the inequality might not hold.
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In [15] some general results about IR which do not depend on the solver used are
shown. In particular we need to mention the following result:

Theorem 4 Let A be a nonsingular n × n matrix and assume that the linear system
Ax = b is solved in floating point arithmetic using a solver S together with one step
of fixed precision IR. Assume that the residual of the computed solution x̂ satisfies

|b − Ax̂ | ≤ u(G|A||x̂ | + M |b|), (24)

where G and M are n × n matrices with nonnegative entries. We also assume that the
residual is computed in the conventional way so that it satisfies:

|r̂ − r | ≤ γn+1(|A||x̂ | + |b|).

Then, there is a function

f (α, β) ≈ (n + 1)−1
(

β(α + n + 1)

cond(A−1)
+ 2(α + n + 2)2(1 + uβ)2

)

such that if

cond(A−1)σR(A, x (1)) ≤ ( f (‖G‖∞, ‖M‖∞)u)−1 (25)

then

|b − Ax (1)| ≤ 2γn+1|A||x (1)|. (26)

The quantity σR(C, x) is a measure of ill scaling of the vector |C ||x | and it was
first introduced by Skeel [28]:

σR(C, x) := maxi (|C ||x |)i

mini (|C ||x |)i
.

Formula (26) implies backward stability according to Theorem 3 as

ω|A|,|b|
(

x (1)
)

≤ 2γn+1 = 2(n + 1)u + O(u2).

The previous result is equivalent to the Skeel’s given in (22), but this one is more
general since it does not depend on the particular solver used.

Let us now prove that one step of IR with NE is backward stable for any linear
system. We can show that for NE the residual satisfies a bound of the form (24) for
any matrix satisfying the WR+ condition, so we can find a sufficient condition for
the stability of IR with NE by using Theorem 4. Next we bound the residual of an
approximate solution of a linear system obtained through NE.
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In the Gaussian case, and with the purpose of applying Theorem 4, Higham con-
siders in pages 238 and 239 of [15] that A ≈ L̂Û , and then he obtains that

|L̂||Û | ≈ |L̂||L̂−1 A| ≤ |L̂||L̂−1||A|. (27)

With regard to NE, we will also take this same approach and, analogously, we will
also consider that F̂j Â[ j+1] ≈ A[ j], so

Â[ j+1] ≈ F̂−1
j F̂−1

j−1 . . . F̂−1
1 A,

and therefore

| Â[ j+1]| ≈ |F̂−1
j F̂−1

j−1 . . . F̂−1
1 A| ≤ |F̂−1

j ||F̂−1
j−1| . . . |F̂−1

1 ||A|. (28)

Under these hypothesis, we can state that if x̂ is the computed solution of the system
Ax = b with NE under the WR+ condition with floating point arithmetic and unit
roundoff u, then the following inequality holds:

|b − Ax̂ | ≤ uG|A||x̂ |, (29)

where

G ≈
n−1∑
j=1

|F̂1||F̂2| . . . |F̂j ||F̂−1
j | . . . |F̂−1

2 ||F̂−1
1 | + u−1γn|L̂||L̂−1|.

The previous result is obtained from the fact that the computed solution is the exact
solution of a perturbed system, and then from (18) we have that |b − Ax̂ | ≤ |H ||x̂ |.
Moreover the matrix H can be bounded according to (19).

Now, bringing (28) and (27) into (19), we obtain (29).
In the previous conditions the residual satisfies a bound of the form (24) with M = 0

so that we can apply Theorem 4 to conclude that one step of IR with NE is backward
stable.

The stability threshold adopts a simpler expression than that of (25) when dealing
with totally positive matrices as shown in the next section.

Remark 2 Although Higham does not prove explicitly the approximation considered
in (27), we can check the validity of the approximation we have used, F̂j Â[ j+1] ≈ A[ j],
by using a linear approximation and a unit roundoff small enough.

In formula (3.14) of [1] it has been proved that the intermediate matrices appearing
in the NE process by subdiagonals verify

⎧⎨
⎩

F̂j Â[ j+1] = Â[ j] + E j

k = 1, . . . , n − 1
|E j | ≤ u|F̂j || Â[ j+1]|.

(30)
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Taking into account the previous formula, we get

|F̂j Â[ j+1] − Â[ j]| = |E j | ≤ u|F̂j || Â[ j+1]| = O(u),

and this completes the argument. On the other hand, just taking into account that
F̂j Â[ j+1] is a linear approximation of A[ j], we deduce that Â[ j+1] ≈ F̂−1

j A[ j]. By
applying the procedure recursively we get

Â[ j+1] ≈ F̂−1
j F̂−1

j−1 . . . F̂−1
1 A,

and then the bound (28) is obtained.
Finally, it is convenient to observe that the approximation considered by Higham

and the extension to the Neville case can be justified following a process similar to
the previous one.

5 Totally positive matrices

It has been shown that NE process is very useful with TP matrices. TP matrices present
many applications in Statistics, Approximation Theory, Computer Aided Geometric
Design (CAGD), Economics and, as recalled in the introduction, in Chemistry.

A class of matrices which satisfies the WR condition is that of nonsingular TP
matrices (see Theorem 4.1 of [12]) which include that of strictly totally positive (STP)
matrices. The multipliers mi j of TP matrices are nonnegative and satisfy (10). Those
of STP matrices are all positive. Consequently, the matrices Fi of (13) are nonnegative
when A is a nonsingular TP matrix:

Ft ≥ 0, ∀t.

Observe that if A is a nonsingular TP matrix, the upper triangular matrix U obtained
by NE or GE is TP (see for example Corollary 3.14 of [3]) and, therefore, nonnegative.
From (14) and (15), with mi,i−n+t ≥ 0, we get

A = A[1] ≥ A[2] ≥ · · · ≥ A[n−1] ≥ A[n] = U

and consequently all the matrices A[t] are nonnegative. In fact, these matrices are TP.
A nonsingular TP matrix A is said to be almost strictly totally positive (ASTP) if

it satisfies the following condition: each minor det (C) of A es positive if and only if
all the diagonal elements of C are positive. These matrices form an important class of
TP matrices (see [13]) which includes that of STP matrices. For nonsingular ASTP
matrices we have (see Proposition 3.5 of [11]) that for sufficiently high finite precision
arithmetic the NE of A can be carried out without row exchanges (that is, ASTP matri-
ces are WR+ condition) and the matrices Â(t) (t = 1, 2, . . . , n) are nonnegative.

Due to the strong relationship between Â[t] and Â(t) we have explained before,
Proposition 3.5 of [11] holds with Â(t) replaced by Â[t]. The multipliers m̂i j which
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appear along the process will be nonnegative and therefore the matrices F̂t will be
nonnegative. In summary, for a nonsingular ASTP matrix A one has

Â[t] ≥ 0, F̂t ≥ 0, ∀t. (31)

The next result proved in [1] provide upper bounds for the matrices E y H .

Theorem 5 Let A be an n ×n (n ≥ 2) nonsingular TP matrix such that the computed
matrices in the NE process satisfy (31). For a unit roundoff u sufficiently small the
following properties hold:

1. The matrices L̂ and Û computed by NE satisfy L̂Û = A + E, with

|E | ≤ γn−1 A. (32)

2. The solution of Ax = b computed by NE, x̂ , satisfies (A + H)x̂ = b where

|H | ≤ [γn−1 + γn(1 + γn−1)]A. (33)

Considering (32) and taking into account Theorem 1 we can obtain a condition
ensuring the convergence of IR when dealing with ASTP matrices.

If A is a TP matrix satisfying (31) we have obtained in Theorem 5 a bound of
the error matrix E that allows us to refine and improve the convergence condition of
the general case, thus obtaining a convergence condition depending on the condition
number of A.

Taking norms in (32) we have that

‖E‖ ≤ γn−1‖A‖,

and using (20) we find a sufficient condition for the convergence of IR.

Corollary 2 Let A be an n × n (n ≥ 2) nonsingular TP matrix and assume that L̂
and Û have been computed by NE of A under the WR+ condition and satisfying (31).
If L̂ and Û are used to compute the solution x̂ of the system Ax = b, then one has,
for a unit roundoff u sufficiently small, that if

γn−1‖A−1‖‖A‖ ≤ 1

2
(34)

then the IR converges to x = A−1b.

We point out that the condition (34) is a refinement of the result shown in Theo-
rem 3.7 of [2]. Furthermore, it has been obtained in a more direct way and also the
constraint γn ≤ 1

4 has been removed.
With regard to the stability of IR for TP matrices satisfying the WR+ condition, we

can find a simple condition that ensures that a single step of IR with NE is backward
stable.
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Theorem 6 Let A be a n × n nonsingular TP matrix and assume that NE of A has
been computed under the WR+ condition, with unit roundoff u. Then it holds that

|b − Ax (1)| ≤ 2γn+1 A|x (1)|

as long as

cond(A−1)σR(A, x (1)) ≤ n + 1

2u
(

n + 2 + 9γn
4u

)2 .

Proof The residual satisfies |b− Ax̂ | ≤ |H ||x̂ | where the matrix H is bounded accord-
ing to (33). Then

|b − Ax̂ | ≤ [γn−1 + γn(1 + γn−1)]A|x̂ |.

If the accuracy is large enough for γn ≤ 1/4 (as done by de Boor and Pinkus in
[5]), we have that γn−1 < γn , so

γn−1 + γn(1 + γn−1) ≤ γn + γn(1 + γn) = γn(γn + 2) ≤ 9

4
γn .

Therefore, we have that

|b − Ax̂ | ≤ 9

4
γn A|x̂ |.

This bound is of the same form as that of (24) with G = 9γn I/(4u) and M = 0, and
so in this particular case the value of the function f on the right hand side of (25) can
be taken as

f (‖G‖∞, ‖M‖∞) = f

(
9γn

4u
, 0

)
=

2
(

n + 2 + 9γn
4u

)2

n + 1
.

Then, by Theorem 4, we have that

|b − Ax (1)| ≤ 2γn+1 A|x (1)|

as long as

cond(A−1)σR(A, x (1)) ≤ n + 1

2u
(

n + 2 + 9γn
4u

)2 .

Taking into account the results of this section, we can assert that using NE when
IR is applied to TP matrices is very adequate.
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Table 1 Numerical test

Degree Method ‖x̂ − x‖∞/‖x‖∞ ω|A|,|b|

6 GE 3.904661 × 10−6 1.288651 × 10−16

GEPP 1.333393 × 10−6 9.083658 × 10−17

NE 7.740051 × 10−7 1.104792 × 10−16

7 GE 4.083333 × 10−4 0.00000

GEPP 1.614084 × 10−4 6.775837 × 10−17

NE 9.011237 × 10−5 1.286912 × 10−16

6 Numerical experiments

Knowledge of the behaviour exhibited by matter under extreme conditions of pressure
and temperature is of capital interest in areas such as materials science, geophys-
ics or solid state chemistry [23]. The key expression to describe this behaviour is a
relationship linking pressure, temperature and volume for each given material in an
analytical function called the equation of state (EOS). Many efforts to represent either
experimental or simulated data in a convenient analytical EOS have traditionally been
paid [8]. Fitting procedures need to resort to solving linear systems of equations in
order to minimize the deviations of the proposed EOS with respect to the set of mea-
sured or calculated data. Numerical procedures for this type of fittings have to face
in many instances with problems originated from the different weights that some of
the points may have. Repetitions of fittings have to be undertaken before a stable final
answer is obtained. In this respect, fast and effective algorithms are therefore desirable.

NE has proved to be an efficient algorithm to carry out the least-square fitting
mentioned in the previous paragraph, at least for polynomials of degree not too high.

We have performed numerical experiments using data considered in Sect. 4.2 of [4],
and we have obtained different approximations by least square fitting taking polyno-
mials of degree ranging from 4 to 8. We have compared the approximate solutions
obtained with NE with those obtained with GE and with Mathematica. In the numerical
tests we perform all computations in IEEE double precision.

In Table 1, we show the results obtained for polynomials of degree 6 and 7. As it
can be seen, the results for the Neville method improve those of the Gauss method
with regard to the normwise relative error, with and without partial pivoting (GEPP,
GE). This proves the high performance of NE for this kind of problems.

On the other hand, we stress the fact that in this case iterative refinement is not
useful since the entire error arises from the ill conditioning of the problem. Moreover,
the componentwise backward error (defined in Theorem 3), is of the order of the unit
roundoff, which means that the method is backward stable.
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